We describe a strictly classical dice game, which emulates the main features of the EPR experiment, including violation of Bell's inequalities. Therefore, the standard interpretation that Bell's theorem provides necessary conditions for 'local realism' is disproved.
Description
We propose to implement a classical game with two remote players Alice and Bob, one independent referee I and a number of three dice: The dice are labelled ∆ k (k = 1, 2 and 3) and the six sides are labelled λj (j = 1 to 6). The dice are biased: The probability to get the side λj when rolling the dice ∆ k is p kj , generally different from 1/6. The probabilities p kj are given in Table 1a . In addition, a binary coefficient x kj , given in Table 1b , is attached to each index pair (k, j). The two players Alice and Bob located respectively in distant regions Ra and R b are only in communication with the remote independent referee I, who will throw the dice (Figure 1) .
At each run, each player selects freely one die, respectively ∆ ka and ∆ k b , and submits her/his choice, ka or k b , to the referee I. The referee keeps the first received label, or selects one of the two labels at random and ignores the second. For reasons explained later, we will call gauge selection this referee choice. Then the referee rolls this only gauge dice ∆ ka or ∆ k b . The outcome of this The game is played between two remote parties Alice and Bob. The goal is to draw two sequences sa and s b ∈ ±1 violating Bell's inequality. It needs one distant independent referee I and a number of three loaded dice ∆ k labelled k from 1 to 3. At each run, each player selects freely one die and submits her/his choice, ka or k b , to the referee. The referee rolls only one die at random, derives the outcomes sa and s b according to the rule of the game given in Table 1 and sends the results to Alice and Bob single trial is a side λj (not to be mistaken for the final outcome ±1). The referee will now use the three indices j, ka and k b to derive the final results. Let x kaj and x k b j be the binary coefficients taken from 1  0  0  0  2  1  0  0  3  1  1  0  4  0  0  1  5  0  1  1  6  1  1  1   Table 1 : Derivation of the outcomes sa and s b : The three dice are labelled ∆ k (k = 1, 2 or 3) and the six sides are labelled λ j (j = 1 to 6). The dice are loaded: The probability to draw the side λ j when rolling the dice labelled ∆ k is p kj . The side probabilities p kj are given in (a). Alice and Bob submit freely their own label to the referee I, respectively ka and k b . The referee rolls at random a single die, either ∆ ka or ∆ k b , draws a side λ j and next transmits sa = 2x kaj − 1 to Alice and s b = 1 − 2x k b j to Bob using the constant binary coefficients x kj given in (b).
Analysis
We will first derive a fundamental but surprising result: The choice of the referee, ∆ ka or ∆ k b , does not affect the probability system. Therefore, irrespective of the referee choice, we can compute the conditional probabilities of the final outcomes sa and s b given ka and k b . Furthermore, at each run, Alice and Bob have no way to determine which die, ∆ ka or ∆ k b , was tossed: This justifies the term gauge dice.
In the following paragraphs, we will show that the probability system meets two basic properties of the EPR experiments, namely, total correlation (i.e., if Alice and Bob select the same dice, then they get opposite final outcomes ±1) and local consistency (i.e., in each region, the player is not aware of what happens in the second region and observes that the final outcomes +1 and −1 are equally likely).
Then, for an ensemble of runs, when comparing afterwards the strings sa and s b , we will show that the players will record a violation of Bell's inequalities. Consequently, we will call this game the EPR dice game.
Finally, we will comment the concept of instantaneous effect at a distance in this classical environment. , s b , ka, k b ) we select the set of relevant sides {j} from Table 1b . Then we compare two gauge choices, k = ka and k = k b by adding the probabilities p kaj or p k b j for the relevant sides in each case. Whatever the choice, we obtain the same overall probability P = P(sa, s b |ka, k b ). See text for the detailed calculation of the underscored configuration.
Conditional probabilities and gauge invariance
We are now going to compute the conditional probability P(sa,
This formulation supposes that this probability is uniquely defined, irrespective of the referee choice. We claim that this fundamental condition is satisfied. This may be proved analytically but it is more cogent to check all 36 possible configurations by hand or by computer program. 2 For each configuration (sa, s b , ka, k b ) we have to consider two cases, k = ka and k = k b according to the choice of I for the gauge dice ∆ k . Then we collect the relevant sides labelled λj and we add the probabilities p kj .
Suppose for example that Alice submits the die ∆1 (ka = 1) and Bob the die ∆2 (k b = 2) ( Table 2 ). To compute P(sa, s b |1, 2), we have to consider two cases, according to the choice of I. Assume that sa = −1 and s b = +1, i.e., (x1j, x2j ) = [(1 + sa)/2), (1 − s b )/2] = (0, 0). From inspection of columns x1j and x2j of Table 1b, we find two solutions j = 1 and j = 4.
Case #1 : k = 1 (I selects the dice ∆1). Then from rows λ1 and λ4 and column p1j of Table 1a , we obtain P(−1, +1|1, 2) = p11 + p14 = 3/12 + 2/12 = 5/12.
Case #2 : k = 2 (I selects the dice ∆2). Then from rows λ1 and λ4 and column p2j of Table 1a , we obtain P(−1, +1|1, 2) = p21 + p24 = 4/12 + 1/12 = 5/12.
The two values are identical. We proceed similarly for all possible configurations. The details of the computation are given in Table 2 . For each configuration, we find that the probability P(sa, s b |ka, k b ) does not depend upon the choice of the referee. We will call this property gauge invariance. Table 3 : Conditional probability P(sa, s b |ka, k b ) to get sa and s b when Alice chooses ka and Bob k b . The fundamental point is that P(sa, s b |ka, k b ) does not depend on the choice of the referee. It is easy to verify that Bell's inequalities, Equation 2 are violated.
This gauge invariance is fundamental : the particular die tossed by the referee can be any of the two dice chosen by Alice and Bob. This is the core of the EPR paradox.
The final results are given in Table 3 .
Total correlation
From Table 3 , it is clear that if Alice and Bob choose the same dice, ∆a = ∆ b , then sa = −s b . We will call this property total correlation.
Local consistency
In region R b , when Bob selects his own dice, he receives, after a delay, his final outcome s b = ±1. This means that the referee has selected a gauge dice and has performed a trial. But this is not observable from Ra and Alice is not aware of what happens in R b . She independently selects her own dice and next downloads her final outcome sa. From Table 3 it is easily seen by inspection that the marginal probability Prob(sa|ka) of sa given ka, does not depend on
In other words, irrespective of k b , the two final outcomes sa = ±1 are equally likely. This fundamental property characterizes quantum Bell-type experiments, and is compatible with space-like separation of the two regions. We will call this property local consistency.
Violation of Bell's inequalities
From Table 3 , even when the dice selected by Alice and Bob are different, the two final outcomes are correlated. We are going to show that this correlation can lead to a violation of Bell's inequalities. There is number of formulations of Bell's inequalities. For clarity, let us select the initial formulation by Bell, that reads
where S(ka,
is the expectation value of sas b when Alice and Bob select respectively the dice labelled ka and k b . In his famous theorem, Bell assumes the existence of an absolute probability system irrespective of the particular settings. By contrast, accounting for contextuality, we have to compute the expectation value with respect to the conditional probability P(sa, s b |ka, k b ).
Suppose that k1 = 1, k2 = 2 and k3 = 3. From Table 3 Bell's inequality, Equation 2, is violated.
Another popular formulation, involving four settings, ka, k a ′ , k b and k b ′ , is the CHSH inequality [24] , that reads
Alice has to choose between two settings, ka and k a ′ , while Bob chooses from k b and k b ′ . This equation makes use of 4 settings while we have only 3 dice at disposal. Thus, one die will be used twice. Select for instance ka = 1, k a ′ = 3, k b = 2 and k b ′ = 1. We have to compute S(1, 1) = −1/2 − 1/2 = −1. Thus,
Again, CHSH-inequality Eq.(3) is violated.
Instantaneous effect at a distance
The surprising apparent instantaneous effect at a distance of quantum mechanics was pictured by Jaynes [8] as follows: 'The spooky supraluminal stuff [. . . ] disappears as soon as we recognize [. . . ] that what is travelling faster than light is not a physical causal influence, but only a logical inference.' To clarify concretely this point, suppose that a demon rolls a pair of dice in a distant planet around Betelgeuse and that the outcome is a double-six. This nice result is immediately true on the Earth. Nevertheless, in accordance with Lorentz covariance, we will have to wait for at least 427 years before we could learn this good news. Therefore, on the one hand, we may consider that the instantaneous event is purely fictitious on the Earth. But on the other hand, the same instantaneous event may be considered as real since afterwards, we will be able to derive exactly its date and its location. In other words, the score of the demon may be considered as instantaneously valid at a distance. Let us call this trivial paradox Betelgeuse effect.
The Betelgeuse effect holds in the EPR dice game. Due to gauge invariance, as soon as the first player, Alice or Bob, has selected her or his own dice, this first die becomes the gauge dice and the probability system (Table 3 ) is completed. The first final outcome becomes available. Nevertheless, we have to wait for the second selection before learning the second final outcome. But afterwards, when analysing the record of a number of runs, the relevant time to account for remains the instant where the probability system was completed. This can lead to apparent instantaneous effects at a distance or even to apparent violation of causality.
For example, suppose that Bob submits first his dice and that Alice waits a good while. Later, as soon as Alice chooses her own dice, her choice and her final outcome are valid instantaneously at a distance in the Bob region. This will be recorded afterwards, when Alice and Bob will observe the correlation of their outcomes.
In other words, the EPR dice game exhibits both a form of apparent instantaneous effect at a distance and an apparent causality paradox similar to the Wheeler's delayed choice gedanken experiment [25] .
Discussion
Since the above results are clearly conflicting with the standard wisdom, they deserve careful thought. In this section, we discuss of the main potential objections. 3 We also point out a possible spin-off.
Analogy with a physical experiment
The first question is the relevance of the model to the experimental set-up envisaged by Bell. Of course, we do not expect that the present dice game describes a real physical situation but, in the present game the concept of particle vanishes. Thus, at first glance, when examining Figure  1 , one might suspect that the referee acts genuinely as the source of particles and therefore that the settings have to be selected before the photons are emitted. Actually, the model does not in the least require such a time inversion and the source is not allowed to access the measurement settings. This can be proved by the following scheme, where initially, a source (not represented on Figure 1 ) launches the photons and subsequently, the referee triggers the quantum mechanical collapse [9] :
At the beginning of each run, a source launches a pair of entangled photons towards two distant observers Alice and Bob. This is the only role of the source. Next, the observers select independently their polarization. Later, when they receive their own photon, they inform a distant ignition point I, independent of the source, on which polarization they decided to make the measurement. Basing on a specific random process, I (disguised as the referee) triggers the collapse as soon as he receives the first information. Then he sends the results to the observers, so that afterwards, strange correlations violating Bell inequalities are observed.
For example, a similar mechanism, using time-retarded field, has been proposed by Clover [18] to explain the Innsbruck experiment [26] . Since this is a different and complex story, we will not elaborate further, but, where we are concerned, this scheme secures the compatibility of the analogy with a standard EPR experiment.
Local realism
We now address the question of local realism. We must emphasize that the above dice game is strictly classical. It is not a thought experiment, because it can be trivially implemented in the every day classical world. It should not be mistaken for a 'non local game' as defined by Cleve et al [27, 28] nor for any kind of 'teleportation' [29] , which makes use of quantum components together with 'local operations and classical communication' to reconstruct quantum correlations. Classical physics is clearly the bench mark of local realism. Therefore, local realism is secured by plain classicality.
The first element of local realism is realism itself. However, one might consider that the referee does not roll the dice for both Alice and Bob but only for one of them, say Alice. From gauge invariance the joint probability of the two outcomes is nevertheless completed. Bob, whose dice may not have been rolled, is told the outcome of the unperformed measurement 'on his own dice' and this could be viewed as 'counterfactual'. But actually, this 'paradox' is quite artificial, since Bob dice, according to the rules of the game, simply need not be rolled. Furthermore, there are six gauge outcomes (from 1 to 6) but just two final outcomes (±1) and, out of the referee black box, the only variables are the settings ka, k b and the final outcomes sa, s b . Neither Alice nor Bob are concerned by the dice. We have introduced a triplet of dice only to illustrate a possible (but not necessary) mechanism of gauge probability. Therefore, quite the opposite, this situation points out the very core of Bell's theorem flaw: A simple toss, is unable to describe a contextual phenomenon, be it classical or quantum. Thus, more sophisticated tools are required, such as the present stochastic gauge system. In this model the eventual expectation of Bob to obtain the outcome of 'his own dice' is simply irrelevant and does not affect the property of realism.
The second element of local realism is locality, which deserves further discussion.
Space-like separation
Local realism does not exclude classical communication but only supraluminal communication.
In the present model, all information is transmitted with finite velocity: Clearly, locality holds. Nevertheless, if time is not an issue in the proof of Bell's theorem, it is crucial to Einstein-PodolskyRosen's argument that the two observers should not communicate.
In the present dice game, Alice and Bell are not allowed to directly communicate, but both are in communication with the referee. One might consider that this is an indirect linkage. It is fundamental to clarify this point because if there were possible transmission of information between the two players, the two regions could not be considered as space-like separated. Actually, owing to local consistency, Equation 1, no information can be transmitted between Alice and Bob [9] . For example, suppose that Alice selects first her dice ka. Bob has no way to guess her choice. When he selects independently his own dice, he has no extra resource at his disposal. By contrast, the problem of classically simulating quantum correlations [30] [31] [32] [33] [34] makes use of a classical transmission channel to transmit data-sets between Alice and Bob. In the present game, no such resource exists. Space-like separation is secured by the fact that no information can be transmitted between Alice and Bob.
On the other hand, the link between each player and the referee may have a deep significance as we are going to elaborate in the next paragraph.
Bell's inequality violation and the holographic hypothesis
By definition, the referee I, i.e., the stochastic system, is located at the boundary of the two regions and we have shown that no information can cross this frontier. Therefore, in each region, a certain amount of information is hidden, which corresponds to a certain amount of entropy located in the random system. Due to symmetry, this 'gauge entropy' is likely to be shared by the two parties and could be related with the information required to classically simulate quantum correlation [31] . This situation is arguably encountered in quantum mechanics: Consider a pair of entangled entities located in two space-like separated regions. By definition, the boundary between the two regions is a light cone, or in other words, a causal horizon [35] . This horizon is the only geometrical feature shared by the two parties. This argument has been used by Srednicki [36] to justify that the entanglement entropy of a scalar field has to be proportional to the area of the horizon in the context of black hole physics. This was later the base of the holographic hypothesis [37] of 't Hooft [38] and Susskind [39] . In the present dice game, Alice and Bob share a common amount of entropy similarly located at the boundary between the two regions. Thus, this 'gauge entropy' imposed by contextuality, i.e., Bell's inequality violation, could be a structural feature of entangled entities separated by a horizon. This suggests a link between Bell's inequality violation and the holographic hypothesis.
Hints on the design of classical contextual models
For clarity, we have chosen to detail the simplest classical device exhibiting a violation of Bell's inequalities, Equation 2, with just three settings and two final outcomes ±1. However, more complex systems with any number of settings can be similarly constructed. The discussion gets off the scope of this paper but we are going to give some hints. To construct a discrete system with K settings one has to choose a particular target similar to Table 3 and derive K probability distributions with a number of 2 K possible outcomes for each distribution. It is convenient to define a set of binary coefficients x kj (similar to one column labelled k of Table 1b) as the k th binary digit in the binary expansion of j − 1 for each outcome labelled j. The solution (similar to one column of Table 1a ) is given by a degenerate linear system with 2K independent equations for 2 K unknowns. This allows to decrease to 2K the number of actual outcomes (e.g., 6 outcomes in the present dice game, or 8 outcomes for a 4-setting device). In addition, we have previously described a model with a continuous ensemble of settings, which exactly simulates the EPR-B experiment [9] . More complex contextual models with more than two final outcomes and more than two regions are likely to be constructed similarly.
Conclusion
Our goal was to construct a classical system meeting all the features of the EPR-B experiment. Firstly, we have taken advantage of a well known flow in the assumptions sustaining the derivation of Bell's theorem. The second ingredient was the use of a new concept [9] , that we have called stochastic gauge system, which allows the definition of a convenient contextual probability space. We have then designed a very simple dice game between two parties, Alice and Bob who cannot exchange information and consequently can be regarded as space-like separated. Nevertheless, they record a violation of Bell's inequalities. Therefore, we claim that we have succeeded in our initial goal: This proves that a strictly classical system can violate Bell's inequality. In the language of Bell [2] , plain classicality implies 'local realism': 'Any correlation between measurements performed at different places should derive from events which happened in the intersection of the past light cones of the measurements.' The assumption that Bell's theorem provides necessary conditions for 'local realism' is disproved. This supports a speculation by Santos [7] , who suspects that "the 'resistance' of detection loophole to be eliminated could point out a practical impossibility of falsifying local realism". This model respects the principle of Lorentz covariance and provides a straightforward solution to several quantum mechanical paradoxes, even if only experiment will finally decide.
